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ABSTRACT
The equations governing the behavior of beam type crossed-field traveling wave tubes are formulated and presented.The geometry is assumed to be two-dimensional. The electron beamis treated as a number of cylinders of charge and space charge forces are included by calculating the field due to such acylinder when it is placed between two perfectly conducting planes. The nonlinear equations are re-expressed in terms of normalized variables which make them suitable for machine compu­tation. A brief discussion of the procedure for solving theseequations numerically is included.
NONLINEAR EQUATIONS DESCRIBING BEAM TYPE CROSSED FIELD TRAVELING WAVE TUBES
The development in recent years of successful amplifiers andvoltage tunable oscillators employing crossed electric and magneticfields as the beam focusing scheme has resulted in renewed interest inthe analysis of this type of device. Most of the work done up to this date has been of the small signal, linearized equations type. 1, 2, 3, 4The successful operating devices virtually all operate in a nonlinear fashion and cannot be well described by a linear analysis. Feinstein and Kino 5 have done a clever nonlinear analysis of a thin beam crossed field device neglecting space charge effects and assuming that the phase velocity of the circuit wave and the drift velocity of the electron beam are the same and the phase velocity of the circuit wave is constant. The equations derived here will again describe an idealized form of crossed field device. These equations will describe some interesting effects that have been eliminated by the simplifying assumptions of previous work. Among these are space charge interaction effects, nonsynchronism between beam drift velocity and circuit phase velocity, variable beam injection conditions and finite thickness of the electron beam. There is hope that comparison between the results of solving these equations and experimental results may be quantitative. The purpose of this work is to obtain in­formation regarding the effects of changing various parameters on the operating characteristics of crossed field devices.
The system to be analyzed can be represented schematically by the diagram shown in Figure 1. This system consists of a slow-wave cir­cuit located a distance d above a ground plane, the circuit having transitions to external transmission lines at z = 0 and z = L. Elec­trons are emitted from some form of gun system to the left of z = 0
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There is a d.c. magnetic field +Bo êx and a d.c. electric field-Eo êy so that in the absence of space charge effects the electrons have an average drift velocity uo = Εo/Βo in the z direction. If the electrons travel with a velocity approximately equal to the phase velo­city of one of the space harmonics of a wave on the slow-wave circuit, the electron stream will become modulated and energy will be transferred to the circuit. The energy on the circuit is delivered to the external transmission line at z = 0 or z = L depending on the direction of power flow on the circuit. The electrons are eventually collected on the circuit itself or on the collector at z = L.This analysis will be carried out using techniques similar to those used by Nordsieck 6, Poulter 7, Tien 8 and Rowe 9 in the large signal analysis of the ordinary traveling wave tube. The slow wave circuit will be replaced by an equivalent transmission line which propagates a wave with the velocity of the desired space harmonic component of a wave on the actual periodic structure. The electron stream will be divided into a number of volume elements. Each of these elements will be re­placed by an equivalent "electron" whose motion will be representative of the motion of all the charge in that element. A number of assump­tions necessary to make the equations tractable are listed here, and additional assumptions are introduced in the text.1. All quantities are independent of the x coordinate of the system. The volume elements into which the electron stream is divided are actually cylinders with their axes parallel to the x axis, and these cylinders can move in only the y and z directions.2. The analysis is nonrelativistic. a.c. magnetic fields are neglected, and the electric field is assumed to be irrotational, (∇ x E = 0) .3. The electric field from the charge in a volume element (exter­nal to the volume element) is the same as the electric field from aninfinite line charge located between two parallel conducting plates and having the same charge per unit length as the cylindrical volume element.4. Only the fundamental frequency component of voltage is presenton the circuit and only one space harmonic component acts on the electron stream. This assumption is good as long as the beam travels at least a
and enter the interaction region unmodulated.
3.
few wavelengths along the circuit because for the general dispersive periodic circuit the harmonics would be out of synchronism, and their integrated effect would be small. In addition, the field of the higher order harmonics are confined more closely to the region of the. circuit, and so would have less influence on the beam.The problem will be treated in three parts: the equations describing propagation on the circuit, the equations describing the motion of the electron beam, and the effects of the space charge fields. The problem will first be treated using a straightforward choice of variables and then using a set of reduced variables suitable for making numerical computations. A brief discussion concerning the procedure for solving these equations numerically is included.THE CIRCUIT EQUATIONThe equation used to describe the circuit in this analysis is the familiar transmission line equation for the voltage as a function of distance and time along a distributed constant transmission line. The purpose of this section is to relate the constants of the transmission line equation to the characteristics of the crossed field device repre­sented schematically by Figure 1.The equation for the voltage on a distributed constant trans­mission line driven by a distributed current such as the one shown in Figure 1 is:
(1)
where v(z, t) ≡ the voltage across the line at any pointi(z,t) ≡ the current per unit length flowing into the line at any pointL ≡ the inductance per unit length C ≡ the capacitance per unit lengthThe circuit has been assumed to be lossless; this assumption is merely for convenience, a finite value of R introduces only a slight compli­cation in the numerical work. The constants 1/LC and √L/C are chosen to relate the transmission line to the actual slow-wave circuit
4.
in much the same manner as is done in the small signal analysis of the ordinary traveling wave tube. 1 1/LC is chosen equal to v2o, where vo is the phase velocity of the desired space harmonic of a free wave on the actual periodic circuit. The homogeneous solution to Equation 1 is then a voltage wave propagating with velocity vo.The choice of √L/C is a little more complicated. It is clear that since (1) is a function of z and t only it cannot describe the variations of the fields in the transverse direction. For a circuit propa­gating a slow wave in the z direction with propagation constant β and assumed to have no variations with x the voltage can be shown to vary as sinh βy in the y direction. Since it is anticipated that the velocity of propagation of waves in the combined circuit and beam system will be near the average drift velocity of the electrons it is assumed that the voltage variation as a function of y, z, and t is
the electron drift velocity and V(z, t) is a solution to equation (1).The factor multiplying V(z,t) in (2) is the appropriate variation of field with distance away from the circuit so that the characteristic im­pedance of the transmission line, Zo = √L/C, must be chosen so that Ez = - ∂V(z, t)/∂z is exactly equal to the field at y = d/2 of the de­sired space harmonic of the slow wave circuit when the equivalent trans­mission line and the slow wave circuit are carrying the same power. In the analysis of the ordinary traveling wave tube, Zo is defined in terms of an average field over the region of the beam because it is assumed that the same field acts on all electrons at a particular position in z . The average power carried by a distributed constant transmission line in terms of the voltage on the circuit is Pave = |v2|/2Zo. Since Ez =∂V(z, t)/∂z , for a free wave with propagation constant β the properchoice for Zo is 
(3)
(2)
where is the propagation constant of a wave traveling at
5.
where ∣E ∣ is the magnitude of E of the desired space harmonic evaluated at the edge of the circuit, y = d/2, when the slow wave cir­cuit is carrying Pave with a propagation constant β. Equation (1) can now be written
(4)
The distributed current i(z, t) driving the transmission line is the displacement current flowing into the line due to the motion of charges in the electron stream. The procedure for evaluating i(z,t) in terms of the motion of the charge in the electron beam will be discussed in the section on space charge. The assumptions made in the introduc­tion regarding i will be reiterated The characteristic impedance Zo in (4) is in reality a function of frequency for a periodic circuit. In general it decreases for frequencies outside of the band for which the circuit was designed. In addition, the phase velocity of a periodic cir­cuit is also a function of frequency so that net interaction effects are small for frequencies other than those for which the velocity of wave propagation is approximately the same as the electron drift velocity. Because of these facts, although ∂i/∂t will in general contain har­monics, it is assumed that only the fundamental frequency component of voltage is present on the circuit and only the fundamental frequency component of driving current is effective in (4).The circuit equation becomes
(5)
where i1 has been written for the fundamental component of i(z, t).The + and - signs have been included to allow for both forward and backward wave interaction; + for forward wave interaction, and - for backward wave interaction.THE EQUATIONS OF MOTIONThe general force equation for an electron moving in electric and magnetic fields is
6.
where e = magnitude of the electronic charge m = electronic mass r = radius vector to the electron.
(6)
Equation (6) can be separated into two equations in the y and z components since it has been assumed that there is no motion in the x direction.
(8)
separated into three parts: the field due to the energy on the circuit, the applied d.c. field, and the field due to the combined effect of all charges present. The fields due to the wave on the circuit can be obtained from the potential function defined in the preceding section.
The electric field can now be
(9)
(10)
The applied d.c. field is in the negative y direction only, -Eo êy . The fields due to space charge will be denoted Esy and Esz. They will be determined explicitly in the next section. The a.c. magnetic fields are neglected so that the only magnetic field to be considered is the applied d.c. magnetic field +Bo êx. The equations of motion
(7)
7.
(11)
can now be written
(12)
In the numerical solution of this problem the motion of each represen­tative "electron" must be obtained so (11) and (12) really represent 2N equations where N is the number of "electrons" chosen to represent the beam.
THE EFFECTS OF SPACE CHARGEThe fields due to space charge enter into both the circuit equa­tion and the equations of motion. The fields produced by a line charge located between two infinite, conducting plates will first be deter­mined. The relation between these fields and the fields due to the charge in the beam will then be obtained and the terms due to space charge in the circuit equation (5) and the equations of motion (11) and (12) written out explicitly.The electric field from an infinite line charge located between two infinite conducting plates can be obtained by writing the expres­sion for the potential of a line charge above a conducting plate, and performing a simple conformal transformation to obtain the case of a line charge between two parallel conducting plates. 10 The fields at y and z due to a line charge qℓ at y' and z' are
(13)
8.
(14)
The conducting plates are located at y = d/2 and y = -d/2 and the line charge is parallel to the x axis.
(15)
where is the displacement flux terminating on the circuit at
The fields due to a cylindrical volume of charge ρdy'dz', located at y' ,z' are assumed to be the fields calculated from (13) and (14) with qℓ = ρ dy' dz'. This approximation is good as long as thepoint of interest y, z is far enough away from the circuit so that the irregularities of the surface are unimportant and as long asand since the fields external to a cir­cular cylinder of charge are exactly the same as if all the charge were concentrated on the axis of the cylinder. When (z -z') and (y -y') approach zero (13) and (14) approach infinity. This does not represent the physical situation accurately. The fields inside a circular cylinder of charge increase linearly from zero at the center of the cylinder to a maximum at the edge. When and theelectric fields will be approximated by a linear function that goes from zero when (y-y') = 0 and (z-z') = 0 to the values given by (13)and (14) when and where k is somefraction which will be selected with the aid of some sample calculations. Since the difficulty just discussed is associated with the finite size of the elements dy' and dz' it introduces no complication into the derivation of the equations. It will be discussed further in the section concerned with the numerical solution of the equations.With the aid of equation (13) it is now possible to determine the driving term ∂i1/∂t of the circuit equation in terms of an integral over the charge in the electron stream. The total displacement current flowing into the circuit at z due to the charge in the beam is
THE EQUIVALENT CIRCUIT OF A TRANSMISSION LINE 
DRIVEN BY A DISTRIBUTED CURRENT.
FIG. 2
9.z and w is the width of the actual circuit in the x-direction. From(13)
(17)
(18)
Retardation effects have been neglected in writing (18), the flux atis assumed to have propagated instantaneously from y', z'. Thisis permissible because the wave velocity and the electron velocity are much less than the velocity of light and because the function F de­creases rapidly with increase in (z-z') so that as the effect of retardation becomes more important, the strength of the retarded fields becomes less. The subscript 1 on brackets of (18) indicate that the fundamental frequency component of this equation is to be taken in ac­cordance with the assumptions made in obtaining the circuit equation. The equation for the circuit voltage can now be written
(19)
(20)and
(16)
and defining
The expressions for the space charge fields Esy and Esz of(11) and (12) can be obtained in a similar fashion. Define
10.
(21)
(22)
(23)
The fact that it is possible to have electron cross-overs in a nonlinear problem of this type means that the electron stream can no longer be treated as a fluid; the Lagrange rather than the Eulerian equation of continuity must be used. The Lagrange equation of continuity in two dimensions is
This equation simply states that all the charge initially in the region dyo dzo at yo, zo, 0 is contained in the region dy dz at y, z, t. This relation is illustrated in Figure 3. If the electrons at the cor­ners of the element dyo dzo end on the corners of the element dy dzafter a time t then the total charge in the element dyo dzo must be the same as the total charge in the element dy dz. The area elements can be related to give
In order to apply (25) the trajectory equations for a representative set of electrons must be known; that is, y and z must be known as a function of time for the particular electron that was at yo, zo at t = 0.
Then
and
(24)
(25)
TYPICAL AREA ELEMENTS IN THE 
APPLICATION OF THE LaGRANGE 
CONTINUITY EQUATION
FIG. 3
11.
These are exactly the quantities that are obtained from integration of the force equations.There is a complication in the use of (25) when there are electron cross-overs. yo and zo are not single-valued functions of y and z and the right-hand side of (25) should be written as a sum over the different branches of the functions. Rather than use (25) and integrate over y' and z', however, it is easier to use (24) and convert the integrals in (19), (22) and (23) into integrals over the initial positions and use (26) and (27) to convert F, Y, and Z into functions of the initial positions because y and z are always single-valued functions of yo and zo. Equations (19), (22) and (23) become
(30)
Equations (11), (12), and (28) together with (29) and (30) are the equa­tions describing the system.
THE SYSTEM EQUATIONS IN REDUCED VARIABLESThe choice of variables used to describe the problem has been straightforward.. These variables are not a practical choice for numeri­cal work, a set of reduced variables has been chosen to simplify the numerical computations and eliminate duplications in the work. These variables have been chosen to give agreement with the small signal analyses of crossed field devices as much as possible. Other variables have been
(26)
(27)
(28)
(29)
12.
chosen similar to the variables of the large signal analysis of the ordinary traveling-wave tube. The variables are listed here with some of the reasons for their choice. The system equations are then written in terms of the new variables.The voltage on the circuit is assumed to be of the form
(31)
A(z) is the amplitude function and it is assumed to vary slowly with z. Io is the total current in the unperturbed electron beam defined as a positive number. Zo is defined by (3). D is defined by the equa­tion
(32)
Vo is a voltage corresponding to the energy of the electrons at the average drift velocity
(33)
Φ is a factor which relates the impedance at the beam entrance position to the impedance at the circuit
(34)
α is the magnitude of the ratio of the r.f. electric field in the y direction to that in the z direction at the beam entrance position y .
ωc is the cyclotron angular frequency
(35)
(36)
13.The phase of the voltage wave
(37)
defines θ(z) as the negative of the difference between the actual phase of the wave and the phase of a wave traveling with a velocity equal to the average drift velocity of the electrons. It is anticipated that θ will be a slowly varying function of z. A direct consequence of (37) is
(38)
The normalized y and z coordinates are
and (39)(40)
∅io is the phase of the circuit wave that the ith "electron" sees whenit is at z = 0 and rio is the normalized y position of the ith elec­tron when it is at z = 0.
(41)
where u1(y) is the z velocity of the electrons as they enter the inter­action region. Equation (41) assumes that the z velocity of the electrons is a constant for z < 0. Equation (37) can be written
(42)
(43)
and
in which form it represents the z position of the ith electron in terms of the phase of the voltage wave on the circuit as seen by the ith electron when it is at z .
define the velocity components of the electrons. When a quantity is written as a function of rio, s, ∅io as in some of the preceding equa­tions it simply means that at some position s these quantities are different for electrons that started in different phases and at dif­ferent r positions.Equations (39) and (41) can be used to convert the left-hand side of (24) to
(46)
be the current density in the unmodulated electron stream and
(48)
is a sort of average charge density in the electron stream and
is a plasma frequency. A space charge parameter (49)
(50)
is defined similar to those used by Tien 8 and Rowe 9 in the large signal
14.
(44)
(45)
u1(yo) ρo(yo, 0, ∅o) must be independent of ∅o since the stream is un­modulated at z = 0. Let
(47)
be the average current density in the unmodulated electron stream. τ is the beam thickness in the y direction at z = 0 and w is the beam width in the x direction.
15.
analysis of the ordinary traveling wave tube and easily related to the parameter used by Gould 4 in the small signal analysis of beam type crossed-field devices.
defines a velocity injection parameter b , similar to that used by Pierce and others in various traveling-wave tube analyses. uo in (51) is the average drift velocity of the electrons, the actual injec­tion velocities are specified by the initial values of pi and qi.
THE CIRCUIT EQUATION IN REDUCED VARIABLESWith the aid of (38) the equation for the circuit voltage can be written
Equation (31) defining the circuit voltage can be used to rewrite the terms on the left-hand side of (52).
(53)
(54)
(55)
(56)
The right-hand side of (52) can be expanded in a Fourier series in ∅ since for constant z, ∅ is directly proportional to t . If only the
(51)
(52)
16.
(57)
sin ∅' and cos ∅' have been written outside of the y'o, z'o integralsbecause ∅' is not a function of y'o or z'o. Since sin ∅ and cos ∅ are orthogonal functions the coefficients multiplying sin ∅ and cos ∅ in the circuit equation can be equated individually, yielding two equa­tions for the circuit.
(58)
(59)
Equation (51) defining the velocity injection parameter b can be used to reduce (58) and (59) to
fundamental component of this expansion is retained the right-hand side of (52) becomes
17.
(60)
(61)
Equations (39), (40), (45), (46), and (47) can be used to convert the right-hand sides of (60) and (61) to integrals over ∅'o and r'o.
(62)
Equations (62) and (63) are the circuit equations in reduced variables. The range of the integral in ∅'o has been changed from -∞ to ∞ to ∅'o - π to ∅'o + π. That is, only charge that started within phase ±π of the charge that is at z at time t is effective in producing field
(63)
18.
at z . After the beam is bunched the electrons may not be in the same order as at starting so that in the numerical work the integral is carried out to include those electrons which are actually nearest to the electron of interest. This will be discussed in the section con­cerning numerical solutions. Chopping off the integral is an assumption that is based on the fact that F is a rapidly decreasing function of z - z'o. The same assumption will be made in the integrals involving Y and Z .
THE EQUATIONS OF MOTION IN REDUCED VARIABLESThe equations of motion (11) and (12) can now be written in terms of the new variables. The acceleration in the y-direction is
(64)
and the acceleration in the z-direction is
(65)
Equations (11) and (12) become
(66)
and
Equations (66) and (67) can be reduced to
(67)
19.
(68)
(69)
Two additional equations are necessary to complete the problem, equations relating r and ∅ to the velocities. By definition dy/dt ≡ 2uo Dp, and for a particular electron
(70)
Therefore, (71)
The equation for ∅ is obtained by taking the time derivative of (42) and setting it equal to (44) .
(72)
It should be recognized that p, q, r and ∅ in (68) and (69) are functions of s, ro and ∅o. In the integral terms i1 is a function of r'o; i2 is a constant; and Y and Z are functions of ro, r'o, ∅o,∅' and s .
Equations (62), (63), (68), (69), (71) and (72) comprise the general working equations for a beam type crossed-field device.
20.
THE SYSTEM EQUATIONS FOR SMALL D.If D << 1 so that terms of first order and higher in D may be neglected, the equations above reduce to
(73)
(75)
(77)
The terms containing p and q multiplied by D have been retained in these equations because it is possible for these terms to be large even if D is small if the electrons are poorly injected into the focussing fields. A different choice of variables which recognizes the fact that the motion in the absence of r.f. fields is in general some form of cyc­loidal motion would result in simpler equations for such cases. Such a set of variables will be discussed in a future report.
(74)
(76)
(78)
21.
THE THIN BEAM EQUATIONSThe case for which the beam thickness in the transverse direction isso small that all electrons at a given z position are acted on by thesame fields, has received considerable attention in the small signal case. 1, 3, 4 If the electron stream can be considered thin so that the in­tegral in ro reduces to multiplication by a constant, i1 = i2 andthe equations for small D reduce to
(79)
The constant S in equations (81) and (82) has been defined similar tothat used by Gould 4
where σo = Io/uow is a surface charge density.
(85)
(80)
(81)
(82)
(83)
(84)
22.
A DISCUSSION OF THE PROCEDURE FOR SOLVING THE SMALL D THIN BEAM EQUATIONSThe small D thin beam equations (79), (80), (81), (82), (83), and (84) are to be integrated numerically with respect to s . It has been pointed out previously that the terms involving Dp and Dq have been retained to allow for cases in which the electron trajectories would not be straight lines in the absence of circuit and space charge fields. The discussion now will be confined to cases in which Dq and Dp can be assumed to be negligible. Cases where this assumption is not permissible will be discussed later when a more appropriate set of variables will be introduced. The equations of motion can now be written
(86)
Before going any further the system equations will be written in finite difference forms. The equations of motion become
(93)
(87)
(88)
(89)
(90)
(91)
(92)
23.
(94)
(95)
The following definitions have been made in writing the above equations.
s = mh m = 0, 1, 2, 3, . . . h = constantN is the number of "electrons" representing the beam. (99)
(96)
(97)
(98)
24.
simply the trapezoidal rule. It appears in a somewhat more complicated form than usual in (94) and (95) because the increments in ∅ are not equal and because the fact that ∅ is periodic with period 2π has been used in writing (94) and (95). tijm and sijm require a little more dis­cussion. Their definitions will be given here and explained during the discussion of the procedure for solving the equations
(102)
The general idea involved in solving the above equations is as follows.Assume that at m = 0 the beam is unmodulated and that the amplitudeAo and the phase θo associated with the wave on the circuit are known. At this plane in space the electron beam passing by sees a voltage which varies sinusoidally with time (or phase) Vo ∝ Ao cos ∅ . If the electron beam is considered as N separate lumps of charge for each complete period in phase of the voltage wave then these lumps of charge can be identified by the average phase ∅io of the voltage wave as the ith lump of charge passes the plane m = 0 . The average force on this lump of charge due to the circuit voltage can then be used to find the accelera­tion of this particular lump of charge and similarly for all N lumps of
Yijm, Zijm, Fijm are the values of Y, Z and F computed when the elec- tron numbered i is at position m and the electron numbered j is at its corresponding position.The integration rule used for A and θ is
(100)
The integration rule used for r and ∅ is
(101)
The integration rule used in forming is
(103)
25.charge. The (N + 1)th lump of charge that comes by will be acted on by exactly the same field as the first lump of charge (under steady state conditions) so that there is no need to consider more than N "electrons" distributed over a range of 2π in phase. The lumps of charge will be referred to as electrons in the remainder of this discussion. With this knowledge of the acceleration of each electron it is possible to find the time it takes for the electrons to reach the next plane in z, m = 1. Since each of these electrons is accelerated in a different manner they will not arrive at m = 1 at the equally spaced intervals in time (or phase) that they arrived at m = 0. In addition, the presence of the electrons causes the phase velocity of the circuit wave to vary as a function of m . The quantity that must be known in order to compute the acceleration of the electrons at m = 1 is the phase of the voltage wave, ∅i1 , thatthe electrons see at m = 1 . From this and the new voltage amplitude the time necessary to get to m = 2 can be computed. As far as the electrons are concerned the information that is being obtained is the time when each electron of a representative set is at a given z position and the velocities and y position of these electrons when they are at that position. The time is obtained in terms of the phase of the voltage wave seen by the electrons rather than the actual time since it is the phase that is important to the motion of the electrons.Nothing was said about the space charge force terms in the preceding discussion. It is clear, however, that since the position of the electrons is only known up to the plane at which the force is being computed it is impossible to compute the space charge forces exactly.In order to compute the space charge force on electron i when it is at a particular plane in z it would be necessary to know the position of all other electrons at that time. The procedure that is used to obtain these positions approximately is one of linear extrapolation. The velocity of all the electrons is known for a particular plane in z and the time that these electrons are at this plane is also known. It is assumed that the electrons continue to travel at the same velocity after they leave this particular plane so that their position as a function of
26.
time can be computed. Using the definition of ∅ (37) the difference in time between the arrival of electron i and electron j at posi­tion m is
(104)
Electron j is traveling with z velocity
and y velocity
u (105)
(106)
so that to a first approximation electron j is located a distance
(107)
away from electron i when electron i is at m and at r position rm. This information is contained in equations (102) and (103) fortijm and sijm. With this information it is now possible to computeFijm, Y and Zijm from (96), (97), and (98). It is possible to make this simple approximation for the electron positions because for typical values of βed; F, Y, and Z are rapidly decreasing functions of zj - ziso that as the approximation becomes worse the relative effects of these electrons becomes less. As a matter of fact, it would not be practical to include all electrons in computing the space charge forces so that only electrons within a phase π of electron i are included in obtaining the fields acting on i when it is at m .The actual procedure for solution is then:1. Am, θm,  pim, qim, rim, and ∅im are known for i = 1, 2, . . . , N.2. Select a particular electron i and another electron j and compute tijm and sijm from (102) and (103) and Fijm,Yijm, zijm from (96), (97), and (98).
27.
3. Repeat this for j = 1, 2, . . . , N , excluding the casei = j from Yiim and Ziim since an electron produces no force on itself. The electrons j are to be the electrons within phase π of electron i .
CONCLUSION
A set of equations describing the nonlinear interaction between a beam of electrons focussed by crossed electric and magnetic fields and a wave on a slow-wave circuit has been obtained. These equations have been simplified to apply to the case of a thin beam when the interaction parameter D is small and the electron trajectories are straight lines in the absence of r.f. fields. The assumptions necessary to make these equations soluble have been discussed and a procedure for numerically integrating this set of equations has been outlined.
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